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RESUMO/ABSTRACT

Comparing the Generalised Hyperbolic and the Normal Inverse Gaussian
Distributions for the Daily Returns of the PSI20

The presence of non-normality, fat-tails, skewness and kurtosis in the
distribution of the returns necessitates the fitting of distributions that account for
this phenomenon. We fit the Generalized Hyperbolic Distribution and the
Normal Inverse Gaussian to the daily returns from the Portuguese Stock Index,
the PSI20. We use the EM algorithm for estimating the parameters of the
Normal Inverse Gaussian while those of the Generalized Hyperbolic distribution
are estimated using the Nelder-Mead algorithm. We find that the Generalized
Hyperbolic is a better fit than the Normal Inverse Gaussian as it better estimates

the probabilities at the left tail where the losses are concentrated.
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The presence of non-normality, fat-tails, skewness and kurtosis in the distribution of the
returns necessitates the fitting of distributions that account for this phenomenon. We fit
the Generalized Hyperbolic Distribution and the Normal Inverse Gaussian to the daily
returns from the Portuguese Stock Index, the PSI20. We use the EM algorithm for
estimating the parameters of the Normal Inverse Gaussian while those of the Generalized
Hyperbolic distribution are estimated using the Nelder-Mead algorithm. We find that the
Generalized Hyperbolic is a better fit than the Normal Inverse Gaussian as it better
estimates the probabilities at the left tail where the losses are concentrated.

Keywords: returns distribution; generalised hyperbolic; normal inverse gaussian; Nelder-Mead;
EM algorithm



Introduction

The presence of non-normality, fat-tails and kurtosis in the distribution of the returns
necessitates the fitting of distributions that account for this phenomenon. The Value at
Risk (VaR), the maximum permissible loss with a given level of confidence (95% or
99%) over a specified time frame (1 day, 1 week, 1 month) is a function of the
probability distribution at the left tail which shows negative returns. Thus a
distribution that closely approximates the fat tails is crucial for calculating the VaR.
The Generalised Hyperbolic (GH) distribution and its subclass the Normal Inverse
Gaussian are two distributions that can possibly account for the fat tails

The generalised hyperbolic distribution being the superset of the normal
inverse Gaussian distribution, we expect it ex-ante to be a better fit for the returns
data. However it is very expensive in terms of computation.

The paper is structured as follows. The mathematical part gives a succinct
description of the two distributions and the various other distributions that are
necessary to generate the generalised hyperbolic and normal inverse Gaussian
distributions. The characteristic functions of these distributions are linked to their
various moments. The maximum likelihood of the distribution function is
indispensable in order to obtain expressions for the parameters of the distributions.
We use this method to obtain the maximum-likelihood estimates. The estimation part
outlines the algorithms used to estimate the parameters. We tabulate the results and
discuss the fits of the two distributions to the actual data. The final section concludes.
Mathematical Description
The distribution functions, characteristic function and the various moments of the

distributions are used to lay the foundation for the estimation of the parameters and



algorithms for simulation. We begin with the generalised hyperbolic and conclude
with the normal inverse Gaussian.
Generalised Hyperbolic Distribution

Proposed by Barndorff-Nielsen (1977) the Generalised Hyperbolic [ gh(a.,3,0,A, )]
distribution is a 5-parameter (change in tails parametero, A, location parameterp,
skewness parameterf3, scale parameterd ) Normal Variance-Mean mixture with the

Generalised Inverse Gaussian [ gig(z | A,0,v)] as a mixing distribution. Formally we

have
gh(x) = w+pz+yvz
X ~ gh(x|o,B,A,0,1)
v e —% 82+y22]
z ~ gig(z|\8,y)=|~+| ———e 7
gie(z1%.0.7) M 2K, (37)
~ N(y[0.,1)

y _ /az_Bz

The distribution function is given by

A-1/2
gh(x | o, B,8,A, 1) = a(o,B,8, W% + (x — )] * K,_j,[0/8% +(x —p)? JeP*H
(0(,2 _B2)k/2

a(a9B589 M) =

lznak—l/Zska[S ,az _ BZ ]
Where K, [x]is the modified Bessel’s function of the third kind and

50 |Bl<a ifA>0
§>0 |Bl<a ifA=0
§>0 |Blca ifL<0

The density of a generalised hyperbolic can be simplified whenA=1/2,

forA=n+1/2,n=0,1,2,.., the Bessel’s function K, (X)is expressed as

_ T —1/2 —x N (n+1)!
K““”(X)_\EX c {Hg‘(n—i)!ﬂ(zx)—i}




we have K; (x) =K_; (x)implying K, (x) =K_;,(x) = \/%X_l/ze_x

The characteristic function ¢, (t) of the distribution is

¢<t>=eim{ o’ -’ }“2 K, (8o’ ~(B+in)’]
’ a? —[B+it]® K, [5:o? B2 ]

The various moments of any distribution are obtained from the characteristic function.
Denote v, (t) =In[¢, (t)] as the natural logarithm of the characteristic function. The

various moments are then defined as

1 .
mean E(x) ;\Vx (V) |@t=o

variance E(x?)-[E(x)]?

1 "
i—zwx(t) l@t=0

St 1w
skewness Lz/z TV (O @0
v )] i
: « (D) Lo
kurtosis W > TV Olai-o
v )] 1

Where i=+-1is the imaginary number and \V;g (1), \|/; (1), \|/X (1), \|/x (t) denote the
first, second, third and fourth derivatives respectively of wy (t)=In[¢, (t)]with
respect to t evaluated at t=0. Using the above approach the mean E(x) and the variance
o of the generalised hyperbolic distribution are

K, (30" —p%)  op } nd

K, (3ya? -p2) o’ —p?

E(X)=u7{

ol =52 Kx+1(V)+ Bz sz(V)_ Ky (v) ’ V=35 az_Bz
VK (V) (0 -p?) | Kou(v) [ Ki(V) ’

Normal Inverse Gaussian (NIG)

For A =-1/2, we obtain the Normal Inverse Gaussian distribution with density



nig(x | o, B,51) =

o8 iso-p+pix-n Ko (0y/8° +(x=w)*)
T V82 +(x—p)?

where x,u e R,0<8,0<|B K a

The characteristic function of the distribution is given by

b ()= esJaz—Bz —5yJa—(B+it)? +itp

The mean E(x) and the variance o of the normal inverse gaussian distribution are

S Sa’
E(X)=u+—Band o’ AT TS
o’ —p? [o” —B~]

Estimation of distribution parameters

This section briefly describes the estimation procedures used for obtaining the
parameters of the normal inverse Gaussian followed by that for the generalised
hyperbolic distribution.

Normal Inverse Gaussian (NIG)

For the generalised hyperbolic distribution the mixing distribution is the generalised

. . 1 ) . .
inverse Gaussian. When A =5, we have the specific case of normal inverse Gaussian

and the mixing distribution is called Inverse Gaussian. The inverse Gaussian

o 5 - ] |
distribution is given by IG(z|3,y)=——¢€e*x Z?e .We use the Expectation-

T
Maximization (EM) algorithm as described by Karlis (2002) for estimating the
parameters.
EM Algorithm for estimation of parameters

(1) obtain expression for parameters by maximising log-likelihood

(2) the mixing distribution is inverse Gaussian and need to estimate a., 3,9, 1

(3) we know x, from data, the value of the returns series



1
(4) we need to calculate z|xand —|x
V4

(5) in expectation step [k] obtain 7 = f(oc[k] , B[k] , o, u[k])
(6) in the maximisation step update (oc[k] LB, 8tk u[k])
(7) iterate until convergence

Maximization of the log-likelihood to obtain the expressions for the parameters

differentiate the log-likelihood function with respect to the parameters.

log L(a, B, 8,1 | xi,2;) = log L(B,8, u, v | x,2;) = 10g|:fo|z(X |23, B)E, (2 [, Y)}
where y = Ja’ — B° . We break the likelihood function into two as follows

—[x—(u+Bz)T
2z;

LIZfo\z(Xi|Zi;MaB) _H
i=1

27

1[52+ ) }
n .
L, :Hfz(zi |3,7) I | ed, —3/2 2| 2

i-1

Differentiating the log of L, with respect to £, and the log of L, with respect to

7,0 and obtain

NI |

E Step Karlis (2002) derives the expressions for the conditional distributions of z;

1 .
and — given x;
Zi

(1) Define q(x) =8> +(x—p)*



_a(x;) Ko(aq(x,))

2) E(z. | x,

@) B(z | x)) e

3) B x) =@ Ka(aa(x)
7 a6 K (aa(x,)

M Step having obtained E(z, |x;) and E(l | x;) obtain the parameters in the following
Zi

order for iterations k=1,2,...n

SRS
[k+1] i=1 Zi i=1 Zi
(1) B .
- 1
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i=1 Zj

@ ot =87

V4
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Generalised Hyperbolic Distribution

The likelihood function is

2

L =nloga(a,p,3, k)+[%—i}i10g(Vf)+zlog{K(k | (v +B(x; — )
i1

loga(a,B,8,1) =\ logy—%log(Zn) —{x—ﬂ log o.— A log & —log(K, [8v])

where v, =\/82 +(x; —p)? and y=4/a’ - B>

Differentiating the log likelihood function with respect to the parameters we get

Table 1. Maximum likelihood estimates of the generalised hyperbolic distribution
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To obtain the parameter values we use the Nelder-Mead (1965) algorithm. Press,
Teukolski, Vetterling and Flannery (1992) outline the procedures for obtaining the
values of the Bessel’s function of the third kind which is used to estimate the
parameters. To test the goodness of fit we superimpose the simulated data using the

estimated parameters.

Results

This section describes the results obtained by fitting the various distributions to data.
We start with the data description and the comparison with the normal distribution
estimated using the maximum likelihood methods. Later we compare the estimated
fits of the generalised hyperbolic and normal inverse Gaussian distributions with

respect to the actual values.




Data Description and Normal Distribution

We use the daily closing values of the PSI20 from December 31, 1992 to August 18,
2010 to estimate the distributions. Figure 1 shows the index series (cl.ts), the daily
returns series (retc.ts) and the volatility series (square of daily returns: volretc.ts).

Figure 1. Price-Daily Returns and Squared Returns of PSI20
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We also fit the normal distribution as a benchmark distribution for comparison with
the generalised hyperbolic and normal inverse Gaussian distributions. The maximum
likelihood parameters are obtained by equating the sample means and variance to that
of the normal. The normal fit superimposed on the density of the actual daily returns
is shown in figure 2. The actual returns show a much higher kurtosis and more
extreme values as compared to the normal.

Figure 2. Density of Daily Returns and Normal distribution fit to data



MNormal Distribution and Histogram Dally Returns

Table 1. Parameters Generalised Hyperbolic Distribution

A a B ) u

0.1242 78.87 11.98 0.003763 0.000213

Table 2. Parameters Normal Inverse Gaussian Distribution

o B ) 0

54.7202 -3.6800 0.006819 0.000673

Table 1 and Table 2 show the estimated parameters of the Generalisd Hyperbolic and
Normal inverse Gaussian distributions respectively. We use these parameters to
simulate the distributions to compare with the actual daily returns.

Simulation of normal inverse Gaussian and generalised hyperbolic distributions
Rydberg (1997) suggests a method to obtain data from normal inverse Gaussian
f(x]a,pB,d, ) distribution.

(1) Sample zfrom an inverse Gaussian distribution IG(Jy)
(2) Sample y from a standard normal Gaussian distribution N(0,1)

(3) Return x =p+Pz+ y\/z

To obtain the zfrom an inverse Gaussian distribution




(1) Set Tzéwhere y=+/a’ —B*; L =38%and sample v ~ y;
Y

2

(2) Compute z, = T+i(’tv—q/4TV7\,+(TV)2 ) and z, -
z

1

(3) Define p = then 2 :{ z, with  probability p

(t+2)) z, with  probability (1-p)

We use Scott (2009) in R Development Core Team (2009) for generating the
variables from the generalised hyperbolic distribution.
Figure 3. Histogram of Daily Returns and Densities of GHYP, NIG and Normal

distribution fit to data
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Figure 4: Left and Right tail at 1% and 5% for GHYP, NIG and actual daily returns
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Figure 4 shows the left and right tails for the actual daily returns at 1% and 5%
probabilities and compares it with the simulated distribution of the GHYP and the
NIG. We ran 10000 simulations of the GHYP and NIG to check whether the left tail
for the GHYP performs better than that of the NIG. Our measure of performance was
limited to the area under the left tail at 5% and 1% of the actual distribution of the
daily returns. We found that the GHYP has a greater area or fatter tails that
approximate the actual distribution more closely than the NIG. We find a similar case
with the right tail but find that the GHYP has more probability than the actual. Since
it is the maximum possible loss that determines the risk we focus on the left tail and
find that the GHYP is a better fit than the NIG

Figure 5: Cumulative Returns at 5% and 1% for actual and simulated GHYP and NIG
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Figure 5 shows the cumulative returns for the actual and the simulated GHYP and
NIG distributions for 10000 simulations. The value for each simulation is on the X-
axis and the cumulative returns on the Y-axis. This is at the 5% and 1% probability of
the left and right tails. The flat straight is the value for the actual returns of the daily
data and remains flat as it does not change across simulations. The graphs tpghyp5r,
tpghyplr, tpghyp5l and tpghypll stand for the cumulative distributions for the GHYP
(green) and NIG (blue) at 5% and 1% for the right and left tails respectively. What we
observe is that the GHYP is closer to the actual at the 1% at the left tail. At the 5% the
GHYP is still closer but there is an overlap with the NIG. For the right tails the GHYP
overestimates the probability in the tails as it lies above the actual returns at both 5%

and 1%.



Conclusion

We estimated the parameters for the Generalised Hyperbolic and Normal Inverse
Gaussian distribution using the Nelder-Mead and Expectation-Maximization
algorithms respectively. We find that the generalised hyperbolic distribution is a
better fit than the normal inverse Gaussian as it better estimates the probability at the

tails, especially the left tails where the losses are concentrated.
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